In recent decades the hydraulics of leaks, i.e. the definition of the relationships linking the hydraulic quantities in pipes with leaks, has received increasing attention. On the one hand, the definition of the relationship between the leak outflow and the relevant parameters -e.g. the leak area and shape, the pressure inside the pipe and outside the leak, and the pipe material -is crucial for pressure control and inverse analysis techniques. On the other hand, if the effect of the leakage on the governing equations is not taken into account, i.e. the loss of the flow axial momentum is not considered, significant errors can be introduced in the simulation of water distribution systems. In this paper, the governing equations for a pipe with a leak are derived. The basic equations, obtained within different approaches, are presented in a consistent formulation and then compared with the results of some experimental tests. The leak jet angle and other major features of the results are analysed. The estimated values of the parameters can be used in the water distribution network models when pipes with a diffuse leakage are considered.
INTRODUCTION
In recent decades, due to the changing scenarios in the use and availability of water, more attention has been paid to the efficiency of water distribution system management, particularly in leakage control and detection. Leaky pipeline systems are costly in terms of both water wastage and increasing cost of pumping (Colombo & Karney ) . To reduce leakage and to improve the water system efficiency, the simulation of the pipe system behaviour within the 
THE MOMENTUM EQUATION FOR A PIPE WITH A LEAK
Considering the control volume defined in grey in Figure 1 and according to McNown (), Bajura () and Bajura & Jones (), assuming that a gradually varied flow occurs at sections 1 and 2 and that the cross-sectional values completely define the flow field, the momentum balance along the horizontal pipe axis direction yields
where p ¼ pressure in the centre of the cross-section, V ¼ mean velocity, γ ¼ unit weight, g ¼ gravity acceleration and A ¼ pipe constant cross-section area, and subscripts refer to the section number. In Equation (1), the last term on the right hand side takes into account the resultant of the unbalanced force in the direction of the pipe axis due to the inclination of the flow leaving the pipe at section 3 0 . In fact, the pressure regain coefficient,
duced and the continuity equation
with V x (V y ) being the component along (normal to) the pipe axis of the mean velocity of the flow exiting through the leak (Figure 1 ). Following Bajura (), in Equation
(1) the Boussinesq coefficient, β, has been considered as unity but its variation along the pipe axis can be also introduced ( Jaumouillé ; Jaumouillé et al. ).
By introducing a modified Euler number, and considering that r ¼ Q 3 /Q 1 , Equation (1) can be written as:
Another equation, similar to Equation (3), can be derived considering the difference h f in the total head between section 1 and 2:
In terms of E and r it is:
With:
It is worth noting that, strictly speaking, Equations (4) and (5) are not an application of the Bernoulli's theorem but they simply assume that there is a difference in the total head from section 1 to 2. As a matter of fact, the Bernoulli's theorem for a stream flow cannot be applied from section 1 to 2 since the volume in between is not a stream tube (at the leak the velocities have a component normal to the tube) and then the discharge is not constant along the flow. This is not a formal distinction but a physical one: the term h f does not simply represent a difference in the energy content of the flow from one section to the other but it takes into account also the effects of mass variation and momentum outflow. On the contrary, assuming that the Bernoulli's approach of Equations (4) and (5) has a physical meaning, and h f represents the head losses and not just a head difference, for a frictionless fluid it is h f ¼ 0 and Equation (5) becomes:
Similarly, considering h f as a head loss due to the sudden decrease of the flow mean velocity due to the discharge variation, a Borda (or Borda-Carnot) minor loss formula can be used and it is:
By introducing Equation (8) in Equation (4), with
the following equation is derived:
To summarise the above equations, on the one hand Equation (3) is derived by the global momentum equation
and it takes into account the effects of the leak discharge leaving the pipe by means of the coefficient γ d . On the other hand, following a Bernoulli's approach and explaining the head differences in the pipe from upstream to downstream of the leak as head losses, other equations can be derived, by considering: (i) a generic head loss as in Equation (5); (ii) no head losses as in Equation (7); or (iii)
Borda minor head losses as in Equation (10).
Some correspondence between the global momentum and the Bernoulli's approach can be found. As an example, when γ d ¼ 1, Equation (3) corresponds to Equation (10). In other words, when γ d ¼ 1 the effect of the mass variation in the flow can be neglected (V x ¼ V 1 ) and the usual Bernoulli's theorem can be used if the head losses are evaluated by Borda. This is a borderline condition because we expect that V x V 1 and γ d 1 since the fluid loss causes a discharge -and a mean velocity -reduction along the pipe. Furthermore, assuming that both Equations (3) and (5) hold, it can be written:
Hence, when In Tests 1 and 2, the pressure and discharge measurements are used to experimentally evaluate E and r for different flow conditions and then to compare these data with the proposed relationships. Furthermore, assuming that Equations (3) and (5) hold, the same pair of E and r values are used to evaluate
and
During Test 3, photographs of the outflowing jet on TS have been taken to estimate the angle of the jet with respect to the pipe axis, α, and to relate these data to the measured pressures and discharges.
The same leak was machined on the trunks TS and FS but a plastic deformation took place before the beginning of tests on FS, with a noticeable enlargement of the leak area (Ferrante et al. ) . This event explains the larger values for FS of the leak non-dimensional area
shown in Figure THE RELATIONSHIPS BETWEEN γ D , E AND r Figure 4 shows the variation of E with r for Test 1 (a) and
Test 2 (b). As proposed by McNown (), in this figure
the experimental data can be compared with Equations (7) and (10) which correspond to the no head loss and Borda head loss conditions, respectively. As previously shown, none of these cases is appropriate for the considered phenomenon since the changes in the discharge contradict the hypothesis of the Bernoulli's theorem applied to a stream tube. Nevertheless, the experimental data lie in between the two curves. For this reason, in an attempt to fit the experimental data, the relationship
is used, where k is a fitting parameter. In fact, Equation (15) corresponds to Equation (7), i.e. the no head losses case, for k ¼ 1 and to Equation (10), i.e. the Borda head loss case, for respectively. In both cases, the agreement of the fitting to the data seems to be satisfactory (with R 2 being 0.986 and 0.953 respectively).
Introducing Equation (15) in Equation (12), the fitting
is obtained, which approximates the dependence of γ d on r with a linear relationship, and reproduces both the no head losses and the Borda head loss solutions (k ¼ 1 and 2, respectively). Similarly, for γ f , introducing Equation (15) in Equation (13), we can write:
In Figures 5 and 6 , the fitting functions defined by
Equations (16) and (17) (12) and (13), respectively; the same k values obtained by the fitting of Equation (15) to the experimental data are used.
As shown in Figure 5 , in Test 1 γ d is close to 1 and slightly varies with r, while in Test 2, it shows a reduction from about 0.9 to 0.8. This finding partially contradicts the results of Bajura () suggesting that such a coefficient is insensitive to the flow ratio r. Our result can be explained, at least for Test 2, considering that the increase of the leak area with pressure likely affects the trend of γ d (r).
In Figure 6 , some negative values of γ f can be found for small values of r. Although the spreading of the data could explain such a behaviour, it is worth noting that negative values of γ f -i.e. an increase of the total head along the pipe from upstream to downstream of the leak -lead to an apparent paradox if they are analysed in the Bernoulli's theorem framework. That is, due to the loss of mass and axial momentum by the leak, an increase in the total head does not imply an increase in the energy of the flow.
THE JET ANGLE VARIATION WITH E AND r
The 15 photographs of Figure 7 show the jet from the leak TS In this figure as well as in Figure 9 , filled symbols and photograph numbers correspond to the photographs in Figure 7 .
Based on the definition of γ d and assuming that tan α ¼ V x /V y , it is:
and hence
As a result, introducing in Equation (19) the expression for γ d of Equation (16) Figure 9 shows the variation of α with E. If Equation (16) is introduced in Equation (19) with the proper value of k and then r is expressed as a function of E by Equations (7), (10), and (15), the limit conditions of no head losses, Borda head loss, and the fitted function can be derived, respectively. These curves are plotted in Figure 9 along with the experimental data.
CONCLUSIONS
Within an experimental activity carried out at the Water Engineering Laboratory of the University of Perugia, data on pressures and discharges in a pipe upstream and downstream of a leak were collected to investigate the effects of a leak on the momentum equation. In fact, the classical approach based on the explanation of the total head variation inside the pipe with head losses can be misleading.
On the contrary, if the momentum equation is used, it cannot be generally assumed that the jet through the leak leaves the pipe in a perpendicular direction with respect to the pipe axis. As a result, a term due to the axial momentum of the jet in the momentum equation has to be considered. 
